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GEOMETRIC AND SPECTRAL ESTIMATES BASED ON SPECTRAL
RICCI CURVATURE ASSUMPTIONS
GILLES CARRON AND CHRISTIAN ROSE
ABSTRACT. We obtain a Bonnet-Myers theorem under a spectral condition: a
closed Riemannian (Mn, g) manifold for which the lowest eigenvalue of the
Ricci tensor ρ is such that the Schro¨dinger operator (n− 2)∆+ ρ is positive has
finite fundamental group. Further, as a continuation of our earlier results, we ob-
tain isoperimetric inequalities from Kato-type conditions on the Ricci curvature.
We also obtain the Kato condition for the Ricci curvature under purely geometric
assumptions.
1. INTRODUCTION
1.1. Several classical results in differential geometry state geometric, spectral
or topological estimates for a closed Riemannian manifold assuming pointwise
curvature constraints. Prominent examples of such results depending on some
lower bound on the Ricci curvature are the theorems of Bonnet-Myers, Bochner,
estimates of isoperimetric constants, and eigenvalue estimates for the Laplace-
Beltrami operator, as well as bounds on the Betti numbers. An intriguing question
is whether the assumption of a sharp lower Ricci curvature bound can be relaxed
to variable curvature bounds instead. Of course, one can ask why this should be
interesting at all: the Ricci tensor as a continuous function on a compact set is
bounded below anyway. The answer lies in the quantitative nature of our ques-
tion: if we disturb the curvature assumptions of the classical theorems by a small
portion of ”bad” curvature, how do the classical estimates change? Within this
context, the treatment of families of manifolds are of importance: One can ask for
uniform properties of all of the members of the family. Indeed, one could make
assumptions on the infimum of the Ricci curvatures of all the members and derive
estimates, but they will be not stable under small changes and much weaker than
perturbation statements. Results in this direction have been obtained by K-D. El-
worthy and S. Rosenberg, [15]. From the pioneering work of S. Gallot, there have
been a lot of results based on integral pinching conditions for the Ricci curvature
([18, 17, 2, 25, 26, 28, 27, 14, 29, 35, 38, 3, 4]).
Recently, we have obtained heat kernel and eigenvalue estimates assuming only a
Kato condition on the negative part of Ricci curvature [31, 11]. It has been shown
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that this type of condition is somewhat weaker that the integral pinching assump-
tion made by S. Gallot.
1.2. Let’s us introduce several notations and conventions: In all that follows
(Mn, g) is always a closed Riemannian manifold of dimension n ∈ N, i.e., com-
pact and without boundary, and vol, respectively A, denote the n-, respectively
(n− 1)-dimensional Hausdorff measure onM . Denote by Ric the Ricci tensor of
M considered pointwise as an symmetric endomorphism of T ∗M . We let
ρ : M → R, x 7→ min{σ(Ricx)},
where σ(A) denotes the spectrum of an operator A. We have
Ricx ≥ ρ(x) IdTxM
or Ricx ≥ ρ(x)gx in the sense of quadratic forms on the tangent space at x ∈ M .
If x is a real number, its negative part will be denoted by x− = max{0,−x}, for
instance:
Ricx ≥ −ρ−(x)gx or Ricx ≥ λg − (ρ(x)− λ)−gx.
As usual, we denote by ∆ ≥ 0 the non-negative Laplace-Beltrami operator acting
on functions defined onM . This operator has purely discrete spectrum
σ(∆) = {λi | i ∈ N0},
where
0 = λ0 < λ1 ≤ λ2 ≤ . . . .
1.3. Our first result is based on an a spectral assumption for a Schro¨dinger oper-
ator:
Theorem A. Let (Mn, g) be a closed Riemannian manifold of dimension n ≥ 3.
i) For any ǫ ∈
[
0, 3n+4
)
, there is an explicit constant C(n,ǫ) > 0 satisfying
limǫ→0+C(n, ,ǫ) = 1, such that if the Schro¨dinger operator
ǫ∆+ ρ− (n− 1)k2
is non negative, then we have diam(M,g) ≤ C(n,ǫ)πk .
ii) If for some ǫ ∈
[
0, 1n−2
]
, the bottom of the spectrum of Schro¨dinger operator
ǫ∆+ ρ
is positive, then the fundamental group ofM is finite.
Remarks 1.1. (1) This result is a weak generalization of the Bonnet-Myers
theorem that states that if a complete Riemannian manifold (Mn, g) satis-
fies
Ric ≥ (n− 1)k2,
then M is closed, diam(M,g) ≤ π and the fundamental group of M is
finite.
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(2) With respect to integral bound on curvature, the sharp result has been ob-
tained by E. Aubry ([2]): Let 2p > n ≥ 3, there is an ǫ(p, n) > 0 such
that if a complete Riemannian manifold (Mn, g) satisfies
1
vol(M)
ˆ
M
(ρ− (n− 1))p− dvol ≤ ǫ(p, n),
then M is closed, there is an explicit estimate for the diameter of (M,g)
and the fundamental group ofM is finite.
(3) The first result is obtained in two stages. One first proves a Sobolev in-
equality (using the idea of D. Bakry and I. Mondello ([6, 23])), and then
uses a result of D. Bakry and M. Ledoux ([5]).
(4) For n = 3, Bour and Carron ([8]) have shown that if the operator
2∆ + ρ
is positive, then the universal cover ofM3 is S3.
(5) We do not know wether the threshold 1/(n − 2) is sharp, but we believe it
is not.
(6) We do not know wether a complete Riemannian manifold (Mn, g) such
that for some positive ǫ < 1/(n − 2), the Schro¨dinger operator
ǫ∆+ ρ
is positive must be closed. However, the proof of the theorem would show
that if a complete Riemannian manifold (Mn, g) of dimension n ≥ 3 sat-
isfies a uniform lower bound on the Ricci curvature of the form Ricx ≥
−(n − 1)k2, a non collapsing assumption infx volB(x, 1) > 0, and the
fact that for some ǫ ∈
[
0, 1n−2
)
, the bottom of the spectrum of Schro¨dinger
operator ǫ∆+ ρ is positive, thenM is closed.
The spectral assumption made in the above theorem are classically implied by
a Kato condition on the Ricci curvature. Let
(
Pt = e
−t∆)
{t≥0} be the heat semi-
group and H(t, x, y) the heat kernel, that is, for f ∈ L1(M) and t > 0, one has
x ∈M : (Ptf)(x) =
(
e−t∆f
)
(x) =
ˆ
M
H(t, x, y)f(y) dvol(y).
For a measurable V : M → [0,∞] and T > 0, the Kato constant of V is given by
κT (V ) := sup
ℓ∈N
‖
ˆ T
0
Pt(V ∧ ℓ)dt‖∞,
(Note that the semigroup maps L∞(M) to itself, such that the truncation procedure
ensures that the quantity is well-defined.) where a∧ b denotes the minimum of the
numbers a, b. We say here that a measurable V ≥ 0 satisfies the Kato condition if
there is a T > 0 such that
κT (V ) < 1.
The Kato condition is very powerful in proving, e.g., semiboundedness of the
operator ∆− V , and mapping properties of the corresponding semigroups. E.g., if
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the heat semigroup is ultracontractive, the perturbed semigroup will be, too.
Remarks 1.2. There is another constant used in the literature also known as the
Kato constant: for a measurable, non-negative V : M → [0,∞], for some L > 0
we let
cL(V ) := sup
n∈N
‖(∆ + L)−1(V ∧ n)‖∞.
It is not hard to prove that cL and κT are related by the formula [20]
(1− e−LT )cL(V ) ≤ κT (V ) ≤ eLT cL(V ),
meaning that the behavior of κT (V ) for T → 0 controls the behavior of cL(V ) for
L→∞ and vice versa.
Remarks 1.3. (1) The Kato class was introduced in [21] and further investi-
gated in [1, 34], originally for the Laplacian in Rn. There, a function V is
in the Kato class if cT (V ) → 0 as T → ∞. Actually, the condition was
phrased in terms of truncated heat kernels, see [37].
(2) The Kato condition has been extended to a certain class of measure per-
turbations of a general regular Dirichlet form in [36]. In this article, the
Kato class consists of those measures µ for which cT (µ) < 1 for large
T . In particular, it was shown that in this context mapping properties of
the semigroups carry over from the unperturbed to the perturbed. For in-
stance, if for some µ > 0, one has κT (V ) ≤
(
1− e−µT ), then
‖e−T (∆−V )‖L1→L1 ≤ eµT .
In particular, the bottom of the spectrum of the Schro¨dinger operator∆−V
is bounded from below by −µ.
Corollary B. If (Mn, g) is a closed Riemannian manifold of dimension n ≥ 3
such that for some λ > 0 and T > 0 one has
κT ((ρ− λ)−) < 1− e
−(n−2)λT
n− 2 ,
then the fundamental group ofM is finite.
One can also obtain a Lichnerowicz-type estimate for the first non-zero eigen-
value. One of our results is the following:
Proposition C. Let (Mn, g) be a closed manifold of dimension n ≥ 3 such that
for some 0 ≤ k < 1, we have
κT
(
(ρ− (n− 1))−
) ≤ n
n− 1
(
1− e−T (n−1)
2
n
(1−k2)
)
.
Then, the first eigenvalue λ1(M) satisfies
λ1(M) ≥ nk2.
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In [11], it has been asked wether a control of the Ricci curvature in some Kato
class yields some isoperimetric inequality. The second main result of this paper
provided such a result using an idea of M. Ledoux ([22]). The first result is a
reverse Cheeger inequality in the spirit of P. Buser ([9]). Recall that the Cheeger
constant of (Mn, g) is defined by:
h(M,g) := inf
Ω
A(∂Ω)
vol(Ω)
,
where the infimum is taken over all Ω ⊂ M having smooth boundary ∂Ω and
vol(Ω) ≤ vol(M)/2. J. Cheeger ([12]) has shown that one always has
h2(M,g)
4
≤ λ1,
and P. Buser proved that if the Ricci curvarture satisfies
Ricx ≥ −(n− 1)k2,
then one has
λ1 ≤ c(n)
(
kh(M,g) + h2(M,g)
)
.
Proposition D. Let (Mn, g) be a closed Riemannian manifold of dimension n ≥ 2
such that for some T > 0, we have
κT (ρ-) ≤ 1
16n
.
There is a explicit constant cn such that
λ1(M) ≤ cn
(
1√
T
h(M) + h2(M)
)
.
Using the eigenvalue estimates from [11], the estimate above yields lower bounds
for the Cheeger constants under Kato-type assumptions on the negative part of the
Ricci curvature. Note that assuming a lower bound Ricx ≥ −(n − 1)k2 on the
Ricci curvature yields κT (ρ−) ≤ T (n− 1)k2, hence our result is a slight general-
ization of Buser’s one. Furthermore, we obtain isoperimetric inequalities. Recall
that for p ∈ [1,∞), the p-isoperimetric constant ofM is defined by
Ip(M) := inf
Ω
A(∂Ω)
vol(Ω)1−1/p
,
where the infimum is taken over all Ω ⊂ M having smooth boundary ∂Ω and
vol(Ω) ≤ vol(M)/2.
Theorem E. Let (Mn, g) be a closed Riemannian manifold of dimension n ≥ 2
and diameter at most D > 0. Assume that for some p > 1, there is an I > 0 such
that
D2p−2κT (ρ-p) ≤ Ip,
and let ξ = max
{
D√
T
, (16nI)
p
2p−2
}
. Then we have
D vol(M)1/nc1+ξn In(M) ≥ 1.
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Our last result is that the assumptions made on the Kato constant of the Ricci
curvature are implied under a control that depends on the volume of geodesic balls
rather than the heat kernel.
Theorem F. There is a positive constant ηn such that when (M
n, g) is a closed
Riemannian manifold of diameter D for which all x ∈M satisfy:
ˆ D
0
r
(
1
volB(x, r)
ˆ
B(x,r)
ρ-
)
dr ≤ ǫn
then κD2(ρ-) ≤ 116n and the first Betti number ofM is smaller then n:
b1(M) ≤ n.
This paper is organized as follows. Sections 2.1 and 2.2 are devoted to present
a Sobolev inequality under a spectral hypothesis on compact manifolds, which in
turn implies a diameter estimate based on the ideas from [6, 23]. We then prove a
Lichnerowicz-type estimate under slightly stronger assumptions in Section 2.3. In
Section 2.4 we prove a Bonnet-Myers theorem that is based on a spectral assump-
tion of a certain Schro¨dinger operator. Section 3 presents all the Cheeger, Buser,
and isoperimetric estimates, whereas in Section 4 we show how to bound the Kato
constant under purely geometric assumptions.
Acknowledgement. G.C. was partially supported by the ANR grant CCEM-17-
CE40-0034 and he wants to thank the Centre Henri Lebesgue ANR-11-LABX-
0020-01 for creating an attractive mathematical environment. C.R. wants to thank
the regional project De´fiMaths and G.C. for their hospitality during his stay in
Nantes, where parts of this work had been done.
2. A SOBOLEV INEQUALITY AND DIAMETER ESTIMATE UNDER SPECTRAL
HYPOTHESES
2.1. Sobolev inequality. The following is an elaboration from a result of D. Bakry
[6] and revisited by I. Mondello [23].
Proposition 2.1. Let (Mn, g) be a closed Riemannian manifold such that for some
δ ∈
(
n+1
n+4 , 1
)
, the operator
(1− δ)∇∗∇+Ricci−(n− 1) Id
is non negative.1. Then for pn,δ =
(1+δ)n−1+δ
n−1−δ and γn,δ =
(3+δ)(n−δ)
(n−1−δ)n(n−1) , we get
the Sobolev inequality
∀v ∈ C∞(M) : ‖v‖2Lpn,δ ≤ γn,δ‖dv‖2L2 + ‖v‖2L2 ;
where all norms are taken with respect to the probability measure dµ =
dvolg
volg(M)
.
1i.e. ∀α ∈ C∞(T ∗M) : (1− δ) ´
M
|∇α|2 + ´
M
Ricci(α, α) ≥ (n− 1) ´
M
|α|2
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Proof. We procced as in [6]. For p ∈
(
2, 2nn−2
)
and ǫ > 0 there is a positive
function f such that ‖f‖Lp = 1 and that realizes the best constant in the inequality
∀v ∈ C∞(M) : ‖v‖2Lp ≤ γ‖dv‖2L2 + (1 + ǫ)‖v‖2L2 .
The Euler-Lagrange equation for the above problem implies that f solves the equa-
tion
γ∆f + (1 + ǫ)f = fp−1.
For α ∈ R, we define u by f = uα and the computation of Bakry leads to
(1 + ǫ)
p− 2
γ
ˆ
M
|du|2dµ =
ˆ
M
(∆u)2dµ
+ (α− 1)(1 + α(p − 2))
ˆ
M
|du|4
u2
dµ
− α(p − 1)
ˆ
M
∆u
|du|2
u
dµ.
(1)
With A the traceless part of the Hessian of u:
A = ∇du+ ∆u
n
g,
and the Bochner formula, we getˆ
M
(∆u)2dµ =
ˆ
M
|∇du|2dµ+
ˆ
M
Ricci(du, du)dµ
≥ (n− 1)
ˆ
M
|du|2dµ+ δ
ˆ
M
|∇du|2dµ
≥ (n− 1)
ˆ
M
|du|2dµ+ δ
n
ˆ
M
|∆u|2dµ + δ
ˆ
M
|A|2dµ.
Hence ˆ
M
(∆u)2dµ ≥ n(n− 1)
n− δ
ˆ
M
|du|2dµ+ nδ
n− δ
ˆ
M
|A|2dµ.
To estimate the last term of (1), we integrate by parts and getˆ
M
∆u
|du|2
u
dµ =
ˆ
M
〈∇u,∇|du|
2
u
〉dµ
=
ˆ
M
2
∇du(du, du)
u
dµ−
ˆ
M
|du|4
u2
dµ
= − 2
n
ˆ
M
∆u
|du|2
u
dµ+ 2
ˆ
M
A(du, du)
u
dµ −
ˆ
M
|du|4
u2
dµ,
hence one getsˆ
M
∆u
|du|2
u
dµ = − n
n+ 2
ˆ
M
|du|4
u2
dµ +
2n
n+ 2
ˆ
M
A(du, du)
u
dµ.
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This implies
(
(1 + ǫ)
p− 2
γ
− n(n− 1)
n− δ
)ˆ
M
|du|2dµ = nδ
n− δ
ˆ
M
|A|2dµ
− 2nαp− 1
n+ 2
ˆ
M
A(du, du)
u
dµ
C(α)
ˆ
M
|du|4
u2
dµ,
(2)
where C(α) = (α− 1)(1+α(p− 2)) + nn+2α(p− 1). But since TraceA = 0, we
get
2
A(du, du)
u
= 2〈A, du⊗ du
u
〉 = 2〈A, du⊗ du
u
− 1
n
|du|2
u
Id〉
and
2
∣∣∣∣A(du, du)u
∣∣∣∣ ≤ 2|A|
√
n− 1
n
|du|2
u
≤ λ|A|2 + n− 1
nλ
|du|4
u2
.
Chosing λ such that
n
n− δ − nα
p− 1
n+ 2
λ = 0,
we get (
(1 + ǫ)
p− 2
γ
− n(n− 1)
n− δ
)ˆ
M
|du|2dµ ≥ F (α)
ˆ
M
|du|4
u2
dµ,
where F (α) is the quadratic expression
F (α) = Aα2 +Bα− 1
with A = p−2 (n−1)(p−1)2(n−δ)
δ(n+2)2
and B = 2−2 p−1n+2 . A little bit of arithmetic gives
that
B2
4
+A =
n(p− 1)
n+ 2
(
1 +
p− 1
n+ 2
−n+ 1 + δ
δ
)
.
This quantity is non positive if and only if
0 ≤ p− 1 ≤ δ n+ 2
n− 1− δ .
Hence in that case, one can choose α such that F (α) ≥ 0 and we get
(1 + ǫ)
p− 2
γ
≥ n(n− 1)
n− δ .
It is then easy to conclude. 
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2.2. Diameter estimate. With the diameter estimates of Bakry-Ledoux [5], we
get
Corollary 2.2. Let (Mn, g) be a closed Riemannian manifold satisfying the hy-
pothesis of Proposition 2.1, then
diam(M,g) ≤ π C(n, δ)
Where C(n, δ) =
√
2pn,δγn,δ
pn,δ−2 =
√
1−(1−δ)n−1
n
1−(1−δ)n+3
4
(
1 + 1−δn−1
)
.
Remarks 2.3. i) If (Mn, g) is such that for some δ > 0 with 1 − δ < 4n+3 , we
have
(3) (1− δ)∇∗∇+Ricci ≥ (n− 1)k2,
then the metric k2g satisfies the hypothesis of the Proposition 2.1 and hence
the original metric g satisfies the Sobolev type inequality
∀v ∈ C∞(M) : ‖v‖2Lpn,δ ≤ κγn,δ‖dv‖2L2 + ‖v‖2L2 ,
and hence the diameter estimate
diamM ≤ π
k
C(n, δ).
ii) If the bottom of the spectrum of the Schro¨dinger operator (1 − δ)∆ + ρ is
strictly positive for some δ > 0 with 1 − δ < 4n+3 , i.e., there is some µ > 0
with
∀v ∈ C∞(M) : (1− δ)‖dv‖2L2 +
ˆ
M
ρv2 dvolg ≥ µ‖v‖L2 ,
then the condition (3) is satisfied with k =
√
µ/(n− 1). If this spectral con-
dition is satisfied on (M,g) then it is satisfied on any covering M̂ → M , but
our result gives a Sobolev inequality and a diameter estimate only if M̂ is
closed, i.e., for finite covering ofM . We will see in the next section how such a
spectral condition implies that the universal cover ofM has finite volume and
hence that the fundamental group ofM is finite.
One can give a Kato-type condition that implies the condition (3): Assume that
κT ((ρ− λ)−) ≤ (1− δ)
(
1− e−βT
)
where 0 ≤ 1− δ < 4n+3 . Then we get∥∥∥e−T ((1−δ)∆−(ρ−λ)−∥∥∥
L∞→L∞
≤ e β1−δ T ,
and hence
(1− δ)∆ + ρ ≥ − β
1− δ + λ.
If moreover β < (1−δ)λ, we get that the bottom of the spectrum of the Schro¨dinger
operator (1 − δ)∆ + ρ is bounded from below by − β1−δ + λ. This implies the
following corollary:
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Corollary 2.4. Let (Mn, g) be a closed manifold of dimension n ≥ 3 such that for
some ǫ ∈
[
0, 4n+3
)
and k, λ > 0 with (n− 1)k2 < λ, we have
κT ((ρ− λ)−) ≤ ǫ
(
1− e−Tǫ (λ−(n−1)k2)
)
.
Then, the diameter ofM can be bounded by
diam(M) ≤ π
k
C(n, 1− ǫ).
2.3. Lichnerowicz eigenvalue estimate. It is easy to show that with the same
arguments used in the beginning of the proof of the Proposition 2.1, we get an
eigenvalue estimate:
Lemma 2.5. Let (Mn, g) be a closed manifold of dimension n ≥ 2, such that for
some δ ∈ (0, 1] and k > 0 the Schro¨dinger operator (1− δ)∆ + ρ− (n− 1)k2 is
non negative. Then, we have
λ1(M) ≥ n− 1
n− δ nk
2.
We have found another method for proving a better estimate.
Proposition 2.6. Let (Mn, g) be a closed manifold of dimension n ≥ 2, such that
for some k > 0 the Schro¨dinger operator nn−1∆+ ρ− (n − 1)k2 is non negative.
Then, the first eigenvalue λ1(M) satisfies
λ1(M) ≥ nk2.
Proof. By scaling, one can assume that k = 1. Let λ > 0 be the first non-zero
eigenvalue of the Laplacian with eigenfunction ϕ, i.e.,
∆ϕ = λϕ.
For α > 0, we define
h := rαϕ ∈ C∞((0,∞) ×M).
The manifold K := (0,∞)×M , is equipped with the cone metric k = dr2+ r2g,
such that the Laplacian ∆h on K has the representation
∆k = −∂2r −
n
r
∂r +
1
r2
∆.
We have
∆kh = (−α(α− 1)− nα+ λ) rα−2ϕ.
Hence, we choose α > 0 so that
λ := α(n− 1 + α)
then h will be a harmonic function on (K, k). Note that α ≥ 1 is equivalent to
λ ≥ n.
The Bochner formula on K and the refined Kato inequality yield (see for in-
stance [8, Lemma 3.4])
∆k|dkh|
n−1
n ≤ n− 1
n
ρK |dkh|
n−1
n ,
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where dk denotes the differential and ρ
K is the lowest eigenvalue of the Ricci
tensor onK . Now, the norm on the cotangent bundle of dkh is
|dkh|2 = r2α−2[α2ϕ2 + |dϕ|2],
such that the second factor is independent of r. For
ψ := [α2ϕ2 + |dϕ|2]n−12n ,
we have
−(α− 1)n − 1
n
[
(α− 1)n − 1
n
+ n− 1
]
ψ +∆ψ +
n− 1
n
V ψ ≤ 0,
where V (x) is the lowest eigenvalue of the Ricci curvature at (1, x) in (K, k). A
short calculation shows that V (x) = ρ(x)− (n − 1). Hence, one gets
∆ψ +
n− 1
n
V ψ ≤ (α− 1)n− 1
n
[
(α− 1)n− 1
n
+ n− 1
]
ψ.(4)
If we let
c(α) := (α− 1)n− 1
n
[
(α− 1)n− 1
n
+ n− 1
]
,
then the above inequality (4) implies that the bottom of the spectrum of the operator
∆+ n−1n V is smaller than c(α). From our assumption, one gets c(α) ≥ 0, that is
to say α ≥ 1. 
Corollary 2.7. Let (Mn, g) be a closed manifold of dimension n ≥ 3 such that for
some k, λ > 0 with λ > (n− 1)k2:
κT ((ρ− λ)−) ≤ n
n− 1
(
1− e−T n−1n (λ−(n−1)k2)
)
.
Then, λ1(M) satisfies
λ1(M) ≥ nk2.
The Lichnerowicz-type estimate above also yields an analogue result for integral
curvature bounds by estimating the norm of the heat semigroup as it was done in,
e.g., [33, 31, 18, 17].
2.4. A Bonnet-Myers’s theorem under a spectral hypothesis.
Theorem 2.8. If (Mn, g) is a closed connected Riemannian manifold such that
for some positive ǫ ≤ 1/(n − 2), the bottom of the spectrum of the Schro¨dinger
operator
ǫ∆+ ρ
is positive then π1(M) is finite.
Proof. The main argument in the proof is in fact a modification of one part of
the proof of the theorem in [11]. We are going to show that the universal cover
π : M˜ →M has finite volume, hence the fundamental group is finite.
We first remark that if the bottom of the spectrum of the Schro¨dinger operator
(n− 2)∆+ ρ is positive, then by continuity there is some positive ǫ < 1/(n− 2),
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such that the bottom of the spectrum of the Schro¨dinger operator ǫ∆+ρ is positive:
there is a positive constant µ such that
∀v ∈ C∞0 (M) : ǫ
ˆ
M
|dv|2 +
ˆ
4Mρv
2 ≥ µ
ˆ
M
v2.
Let ϕ : M → R be a positive eigenfunction of the Schro¨dinger operator ǫ∆ + ρ
associated to the bottom of the spectrum. We have ǫ∆ϕ + ρϕ = λϕ with λ ≥ µ.
Hence on M˜ , one has for ϕ˜ = ϕ ◦ π:
ǫ∆
M˜
ϕ˜+ ρϕ˜ = λϕ˜.
By a principle due to W.F. Moss and J. Piepenbrink, and D. Fisher-Colbrie and R.
Schoen, ([24, 16] or [30, lemma 3.10]), that is in fact based on an old result of
J. Barta ([7]), we know that (M˜ , g˜ = π∗g) also satisfies
∀v ∈ C∞0 (M˜ ) : ǫ
ˆ
M˜
|dv|2 +
ˆ
M˜
ρv2 ≥ µ
ˆ
M˜
v2.
With the Bochner formula and the Kato inequality, we get that the spectrum of the
Hodge-deRham Laplacian on one-forms is positive:
spec∆1 ⊂ [µ,+∞).
Indeed, if α ∈ C∞0 (T ∗M˜) then
〈∆1α,α〉 =
ˆ
M˜
|∇α|2 +Ricci(α,α)
≥
ˆ
M˜
|d|α||2 + ρ|α|2
≥ µ
ˆ
M˜
|α|2.
Because one always has spec∆ ⊂ {0} ∪ spec∆1, one deduces that the spectrum
of the Laplacian ∆ on functions has a spectral gap:
spec∆ ⊂ {0} ∪ [µ,+∞).
Hence either 0 is an eigenvalue for the Laplacian on M˜ and this means that the
volume of M˜ is finite2 or the bottom of the spectrum of the Laplacian is positive.
It is classical that the first case implies that π1(M) is finite. We are going to show
that the second case can not occur.
We are arguing by contradiction and we suppose that λ0(M˜ ) > 0. M˜ being a
covering of a compact Riemannian manifold, it satisfies the local Sobolev inequal-
ity :
∀v ∈ C∞0 (M˜) : ‖v‖2
L
2n
n−2
≤ C (‖dv‖2L2 + ‖dv‖2L2) .
2Indeed, if f is an eigenfunction of the Laplace operator associated to the eigenvalue 0, then
∆f = 0 and df ∈ L2 hence by definition of the domain of the Laplace operator, one can integrate
by parts and gets ˆ
M˜
|df |2 =
ˆ
M˜
f∆f = 0.
Hence f is constant.
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Using the spectral gap, we get the Euclidean Sobolev inequality:
∀v ∈ C∞0 (M˜) : ‖v‖2
L
2n
n−2
≤ C
(
1 + λ0(M˜ )
−1
)
‖dv‖2L2
In particular, (M˜ , g˜) is non-parabolic and there is a unique positive minimal Green
kernel G(x, y). Let o ∈ M˜ be a fixed point and define b : M → R+ by
b2−n = cnG(o, x),
where cn is chosen so that b(x) ≃ d(o, x) as x → o. The Sobolev inequality
implies that there is a positive constant c such that
c dg˜(o, x) ≤ b(x).
In particular, limx→∞ b(x) = +∞. According to T.H. Colding ([13]), for any
α ≥ (n− 2)/(n − 1), we have
∆
|db|α
bn−2
+ αρ
|db|α
bn−2
≤ 0 weakly on M˜ \ {o}.
Our hypothesis implies that for any α ∈ [0, 1/ǫ], the Schro¨dinger operator ∆+αρ
has a spectral gap, hence it has a unique minimal positive Green kernel Gα. We let
gα(x) = Gα(o, x)/cn. It is then classical (see [11, subsection 2.6.2]) that
(5)
ˆ
M˜\B(o,1)
|dgα|2 <∞.
Then the spectral gap
∀ϕ ∈ C∞(M˜) :
ˆ
M˜
ϕ2 ≤
ˆ
M˜
|dϕ|2 + αρϕ2
and the proof of the above estimate (5) implies thatˆ
M˜\B(o,1)
G2α <∞.
Note that with the local Sobolev inequality, the classical De Giorgi-Nash-Moser
iteration scheme (see [19, theorem 8.17] or [23, Lemma 1.5]) implies that a weak
non-negative W 1,2loc solution of
∆ϕ ≤ Λϕ
is in fact locally bounded: for any p ≥ 1, there is a constant C depending only on
r,Λ and the local Sobolev constant so that
sup
y∈B(x,r)
ϕ(y) ≤ C
(ˆ
B(x,2r)
ϕp
) 1
p
.
(M˜ , g˜) being a covering of a compact Riemannian manifold, the Ricci curvature
is bounded from below: Riccig˜ ≥ −(n− 1)k2 so that −ρ ≤ (n− 1)k2. Hence we
get the following elliptic estimate: for any α and p ≥ 1 there is a constant C such
that if a non negative function ϕ ∈W 1,2loc satisfies
∆ϕ+ αρϕ ≤ 0 weakly on B(x, 2)
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then
sup
y∈B(x,1)
ϕ(y) ≤ C
(ˆ
B(x,2)
ϕp
) 1
p
.
In particular, we get (when α ∈ [0, 1/ǫ]) that limx→∞ gα(x) = 0, and we have the
equivalence
|db|α
bn−2
≤ gα ⇐⇒ lim
x→∞
|db|α
bn−2
= 0.
With the estimate (5), one getsˆ
M˜\B(o,1)
|dxG(o, x)|2 dvolg˜(x) <∞,
we deduce that for α0 :=
n−2
n−1 , we have
lim
x→∞
|db|α0
bn−2
= 0,
and hence
|db|α0
bn−2
≤ gα0 .
Our main tool is the universal Hardy inequality ([10]): ∀ψ ∈ C∞0 (M˜ ):
(n − 2)2
4
ˆ
M˜
|db|2
b2
ψ2 dvolg˜ ≤
ˆ
M˜
|dψ|2 dvolg˜ .
The Schro¨dinger operator ǫ∆+ ρ is positive hence for any α ∈ [0, n− 2], we have
the following Hardy type inequality: ∀ψ ∈ C∞0 (M˜):
c
ˆ
M˜
|db|2
b2
ψ2 dvolg˜ ≤
ˆ
M˜
[|dψ|2 + αρψ2] dvolg˜ .
When α ∈ [α0, n − 2], using the function ψ = ξ |db|
α
bn−2
where ξ is a Lipschitz
function with compact support in M˜ \ {o} one gets
c
ˆ
M˜
|db|2+2α
b2(n−1)
ξ2 dvolg˜ ≤
ˆ
M˜
|dξ|2 |db|
2p
b2(n−2)
dvg .
Assume that for some α ∈ [α0, n− 2], we have
|db|α(x)
bn−2(x)
≤ gα(o, x).
Then we get
∀ξ ∈ C∞0 (M˜ \ {o}) : c
ˆ
M˜
|db|2+2α
b2(n−1)
ξ2 dvolg˜ ≤
ˆ
M˜
|dξ|2g2α dvolg˜ .
According to [11, Proposition 2.21], if ξ is a smooth function with support in M˜ \
B(o, 1/2) that is identitically 1 on M˜ \B(o, 1), then there is a sequence of smooth
functions (ξℓ)ℓ with compact support in M˜ \ {o} such that
lim
ℓ
ξℓ = ξ uniformly on compact subset of M˜.
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and
lim
ℓ
ˆ
M˜
|dξℓ|2g2α dvg =
ˆ
M˜
|dξ|2g2α dvg .
In particular, we get ˆ
M˜\B(o,1)
|db|2+2α
b2(n−1)
dvg <∞
If α′ = (1 + α)n−2n−1 one gets
ˆ
M\B(o,1)
(
|db|α′
bn−2
)2n−1
n−2
dvg <∞,
hence,
lim
x→∞
|db|α′(x)
bn−2(x)
= 0
and
|db|α′(x)
bn−2(x)
≤ gα′ .
For αk = (n− 2)−
(
n−2
n−1
)k
(n− 2− α0) = (1 + αk−1) n−2n−1 , our argumentation
yields that for all k ∈ N:
|db|αk(x)
bn−2(x)
≤ gαk(o, x).
Hence letting k → ∞, we obtain the following estimate on the log derivative of
the Green kernel:
|db|n−2(x)
bn−2(x)
≤ gn−2(x).
And in particular
lim
x→∞
|db|(x)
b(x)
= 0.
We are going to show that this implies that λ0(M˜) = 0, hence a contradiction. The
Green formula implies that if t is a regular value of b, then3ˆ
{b=t}
|db| = σn−1tn−1,
so that4 ˆ
{b≤R}
|db|2 = ωnRn
and ˆ
{R≤4b≤3R}
|db|2 = ωn(3n − 1)Rn.
3with σn−1 = vol S
n−1.
4With ωn = volB
n.
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Let ΩR := {b ≤ R} and ϕR = (R− b)+. We have that ϕR has support in ΩR andˆ
ΩR
|dϕR|2 = ωnRn = 1
3n − 1
ˆ
{R≤4b≤3R}
|db|2.
But ˆ
ΩR
ϕ2R ≥
ˆ
{R≤4b≤3R}
ϕ2R ≥
1
9
ˆ
{R≤4b≤3R}
b2.
We have shown that
lim
x→∞
|db|(x)
b(x)
= 0,
hence
lim
R→∞
´
ΩR
|dϕR|2´
ΩR
|ϕR|2 = 0
hence λ0(M˜) = 0. 
3. BUSER INEQUALITY AND ISOPERIMETRIC ESTIMATES
We are going to use an idea fromM. Ledoux [22] in order to obtain isoperimetric
inequalities.
3.1. Buser inequality. To apply Ledoux’s technique, we recall the gradient esti-
mates for positive solutions of the heat equation from [32, 11]:
Proposition 3.1. Let (Mn, g) be a closed Riemannian manifold of dimension n ≥
2 such that for some T > 0 :
κT (ρ-) ≤ 1
16n
.
If u : [0, T ]×M → R+ be a positive solution of the heat equation
∂tu = −∆u,(6)
then, we have
e−2
|∇u|2
u2
− ∂tu
u
≤ e
2n
2t
, ∀ t ∈ (0, T ).(7)
From Proposition 3.1, we can deduce
Corollary 3.2. Under the assumptions of Proposition 3.1, there is an explicit con-
stant cn depending only on the dimension, such that for any t ∈ (0, T ]:
‖∆Pt‖L∞→L∞ ≤ cn
t
,
and
‖∇Pt‖L∞→L∞ ≤ cn√
t
.
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Proof. Let f ∈ L1(M) be a non negative initial value for the heat equation with
u = Ptf . Note that
(∆u)+ = (−∂tu)+ ≤
e2n
2t
u.
By Stokes theorem, we have
´
∆u = 0. Furthermore, we know Pt1 = 1 and´
Ptf =
´
f . Hence,
‖∆Ptf‖L1 = 2‖(∆Ptf)+‖L1 ≤
e2n
t
‖u‖L1 =
e2n
t
‖f‖L1 .
We easily get
‖∆Pt‖L1→L1 ≤
e2n
t
.
By duality and self-adjointness of the operator ∆Pt we obtain the first assertion.
Let f ∈ L∞(M) be a non negative initial value for the heat equation and let
u = Ptf . We have
|∇u|2 ≤ e2
(
e2n
2t
u2 + u |∆u|
)
,
and, therefore,
‖∇u‖2L∞ ≤ e2
(
e2n
2t
+
e2n
t
)
‖u‖2L∞
≤ 3e
4n
2t
‖f‖2L∞ .
In general, for f ∈ L∞(M), we get
‖∇Ptf‖L∞ ≤
√
14n
t
‖f‖L∞ .

The above proposition implies the following crucial estimate.
Proposition 3.3. Under the assumptions of Proposition 3.1, there is a constant5
cn, such that for any t ∈ (0, T ], we have
∀f ∈W 1,1(M) : ‖f − Ptf‖L1 ≤ cn
√
t ‖df‖L1 .
Proof. We have
f − Ptf =
ˆ t
0
∆e−s∆fds.
5One can choose cn = 6
√
n.
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For any g ∈ L∞, the above yieldsˆ
M
g∆e−s∆f dvol =
ˆ
M
g∆Psf dvol
=
ˆ
M
〈∇Ptg,∇f〉dvol
≤
√
14n
t
‖∇f‖L1‖g‖L∞ .
Hence, we get
‖∆e−s∆f‖L1 ≤
√
14n
t
‖∇f‖L1 ,
what implies
‖f − Ptf‖L1 ≤ cn
√
t‖df‖L1 ,
with cn = 6
√
n. 
Now, we can obtain the following estimate relating the Cheeger constant and the
first non-zero eigenvalue of the Laplacian onM .
Theorem 3.4. Let (Mn, g) be a closed Riemannian manifold of dimension n ≥ 2
such that for some T > 0, we have
κT (ρ-) ≤ 1
16n
.
There is a explicit constant cn such that if λ1 is the first non-zero eigenvalue of the
Laplacian onM satisfies
λ1(M) ≤ cn
(
1√
T
h(M) + h2(M)
)
.
Proof. We apply the above inequality to the characteristic function χΩ of Ω. From
the fact that Pt(χΩ) ≤ 1 we getˆ
M
|χΩ − Pt(χΩ)|dvol =
ˆ
Ω
|χΩ − Pt(χΩ)| dvol+
ˆ
M\Ω
Pt(χΩ) dvol
ˆ
Ω
(χΩ − Pt(χΩ)) dvol+
ˆ
M\Ω
Pt(χΩ) dvol .
Since
´
Ω Pt(χΩ) dvol = ‖Pt/2χΩ‖2L2 andˆ
M\Ω
Pt(χΩ) dvol = 〈Pt(χM\Ω), χΩ〉 = 〈1−Pt(χΩ), χΩ〉 = vol Ω−‖Pt/2χΩ‖2L2 ,
we have ˆ
M
|χΩ − Pt(χΩ)| dvol = 2
(
vol Ω− ‖Pt/2χΩ‖2L2
)
.
GEOMETRIC AND SPECTRAL ESTIMATES BASED ON SPECTRAL RICCI CURVATURE ASSUMPTIONS19
We can decompose χΩ =
vol Ω
volM + f where
´
M f dvol = 0 and get
‖Pt/2χΩ‖2L2 ≤
(vol Ω)2
volM
+ e−λ1t
(
vol Ω− (vol Ω)
2
volM
)
.
This yields
2 vol Ω
(
1− vol Ω
volM
)(
1− e−λ1t
)
≤ cn
√
t vol ∂Ω,
and we get for any t ∈ [0, T ] that(
1− e−λ1t
)
≤ cn
√
t h(M).
If Tλ1 ≥ 1, then we choose t = 1/λ1 and get√
λ1 ≤ 3cnh(M).
In the case where Tλ1 ≤ 1, we choose t = T and from the inequality 2(1−e−x) ≥
x for x ∈ (0, 1), we get
λ1
√
T ≤ 2cnh(M).
It is now easy to get the announced result. 
3.2. An estimate of the Cheeger constant. The following corollary is an easy
consequence of Theorem 3.4.
Corollary 3.5. Let (Mn, g) be a closed Riemannian manifold of dimension n ≥ 2
and diameter at most D > 0. There is a constant cn ≥ 1 such that if T is the first
positive time such that
κT (ρ-) =
1
16n
,
and if we define ξ := ξ(M,g) = D/
√
T , then
c−1−ξn
D
≤ h(M).
Proof. As a matter of fact, with the eigenvalue estimate given in [11, Theorem3.6],
we know that
c−1−ξn
D2
≤ λ1.
Therefore, we have
c−1−ξn
D2
≤ cn
(
ξ
D
h(M) + h2(M)
)
.
Hence either 1D ≤ h(M) or
c−1−ξn
D2
≤ cn 1 + ξ
D
h(M) ≤ cn e
ξ
D
h(M).

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3.3. Isoperimetric inequalities. From the results above, we can now obtain isoperi-
metric inequalities.
Theorem 3.6. Let (Mn, g) be a closed Riemannian manifold of dimension n ≥ 2
and diameter at most D > 0. Assume one of the following:
i) κT (ρ-) ≤ 116n ,
ii) or that for some p > 1, we have for some I > 0 that D2p−2κT (ρ-p) ≤ Ip.
In the first case let ξ := ξ(M,g) = D/
√
T and ν = ne8
√
nκT (ρ-) and in the
second case let ξ = max
{
D√
T
, (16nI)
p
2p−2
}
, and ν = n.
Then we have
1 ≤ c1+ξn vol(M)
1
νD Iν(M).
Proof. From [11, Proposition 3.7 and 3.14], we get for any t ∈ [0,D2]:
‖Pt‖L1→L∞ ≤
c1+ξn
volM
Dν
t
ν
2
.
Let Ω ⊂M with smooth boundary and vol Ω ≤ 12 volM . Then, we have
vol Ω ≤ vol {x ∈M, |χΩ − Pt(χΩ)| > 1/2} + vol {x ∈M,Pt(χΩ) > 1/2} .
Furthermore,
‖Pt(χΩ)‖L∞ ≤ c
1+ξ
n vol Ω
volM
Dν
t
ν
2
.
Hence if
c1+ξn vol Ω
volM
≤ 1
4
one can choose t ∈ [0,D2] such that
c1+ξn vol Ω
volM
Dν
t
ν
2
=
1
4
,
such that
vol Ω ≤ 2‖χΩ − Pt(χΩ)‖L1 ≤ cn
√
t vol ∂Ω.
A little bit of arithemetics then implies the result when c
1+ξ
n volΩ
volM ≤ 14 . When
c1+ξn vol Ω
volM ≥ 14 , we use the estimate on the Cheeger constant to conclude. 
4. AN ESTIMATE OF THE KATO CONSTANT
Let (Mn, g) be a complete Riemannian manifold. We assume that it satisfies the
following volume doubling condition and heat kernel estimates at scale R: there
are positive constants θ, ν, C such that
(DR) ∀x ∈M, 0 ≤ r ≤ ρ ≤ R : volB(x, ρ)
volB(x, r)
≤ θ
(ρ
r
)ν
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(UER) ∀x, y ∈M, t ∈ (0, R2] : H(t, x, y) ≤ C
volB(x,
√
t)
e−
d2(x,y)
5t .
Recall that if q : M → R+, is locally integrable then its parabolic Kato constant
at times T is given by
κT (q) = sup
x∈M
ˆ T
0
ˆ
M
H(t, x, y)q(y) dvolg(y)dt
We know that if κT (q) ≤ 1− e−βT for some β > 0, then
∀t > 0:
∥∥∥e−t(∆−q)∥∥∥
L∞→L∞
≤ eβt,
and in particular the Schro¨dinger operator ∆− q is bounded from below by −β:
∀v ∈ C∞0 (M) :
ˆ
M
[|dv|2 − qv2] dvolg ≥ −βˆ
M
v2 dvolg .
Proposition 4.1. There is a constant λ depending only on θ, ν and C such that if
(8) lim
r→+∞ e
− r2
R2
ˆ
B(x,r)
q = 0
then
κR2(q) ≤ λ sup
x
ˆ ∞
0
re−
r2
6R2
( 
B(x,r)
q
)
dr.
Proof. We introduce the convenient notations :
V (x, r) = volB(x, r) and Q(x, r) =
ˆ
B(x,r)
q
so that  
B(x,r)
q =
Q(x, r)
V (x, r)
.
Notice that r 7→ Q(x, r) is a non-decreasing function so that we can consider the
Riemann-Stieljes measure dQ(x, r). Using the estimate on the heat kernel we have
ˆ R2
0
ˆ
M
H(t, x, y)q(y) dvolg(y)dt ≤ C
ˆ
[0,R2]×[0,∞)
e−
r2
5t
V (x,
√
t)
dQ(x, r)dt.
The condition (8) implies that we can integrate by parts:
ˆ
[0,R2]×[0,∞)
e−
r2
5t
V (x,
√
t)
dQ(x, r)dt =
ˆ
[0,R2]×[0,∞)
2re−
r2
5t
5tV (x,
√
t)
Q(x, r)dtdr.
We are going to split this integral in 3 parts corresponding to the domains {r ≥ R}
{√t ≤ r ≤ R} and {r ≤ √t ≤ R}.
Concerning the first part, when r ≥ R, we get
ˆ R2
0
e−
r2
5t
tV (x,
√
t)
dt ≤ θ R
ν
V (x,R)
ˆ R2
0
e−
r2
5t
t
ν
2
+1
dt.
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Using ξ = r2/(5t), we obtain
ˆ R2
0
e−
r2
5t
t
ν
2
+1
dt ≤ 5
ν
rν
ˆ ∞
r2
5R2
e−ξξ
ν
2
−1dξ.
Now there is a constant c(ν) such that when A ≥ 1/5:ˆ ∞
A
e−ξξ
ν
2
−1dξ ≤ c(ν)e−AA ν2−1
and we get
ˆ R2
0
e−
r2
5t
tV (x,
√
t)
dt ≤ θc(ν)5ν e
− r2
5R2
V (x,R)
.
According to [11, Lemma 3.10], the local doubling condition implies that for r ≥
R:
V (x, r) ≤ (θ2ν)50+50 rRV (x,R)
Hence we get that for some constant λ1 depending only on θ, ν, C:ˆ R2
0
ˆ
M\B(x,R)
H(t, x, y)q(y) dvolg(y)dt ≤ λ1
ˆ ∞
R
e−
r2
5R2
r
V (x, r)
Q(x, r)dr.
For the second part, we easily get by the same argumentation:
ˆ r2
0
e−
r2
5t
tV (x,
√
t)
dt ≤ θ r
ν
V (x, r)
ˆ r2
0
e−
r2
5t
t
ν
2
+1
dt ≤ c(ν)θ 1
V (x, r)
.
For the remaining part, we have to estimate:
ˆ R
0
ˆ R2
r2
re−
r2
5t
tV (x,
√
t)
dt
Q(x, r)drdt = ˆ R2
0
1
V (x,
√
t)
ˆ √t
0
re−
r2
5t
t
Q(x, r)dr
 dt
≤
ˆ R2
0
Q(x,
√
t)
V (x,
√
t)
ˆ √t
0
re−
r2
5t
t
dr
 dt
≤
ˆ R2
0
Q(x,
√
t)
V (x,
√
t)
[
−5
2
e−
r2
5t
]√t
0
dt
≤ 5
2
ˆ R2
0
Q(x,
√
t)
V (x,
√
t)
dt = 5
ˆ R
0
Q(x, r)
V (x, r)
rdr

Corollary 4.2. If (Mn, g) is a closed Riemannian manifold with diameter D and
that satisfies the doubling (DR) and heat kernel estimate (UER) at scale R with
R ≤ D, then
κR2(q) ≤ λ sup
x
ˆ D
0
re−
r2
7R2
( 
B(x,r)
q
)
dr.
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Proof. We know that there is a positive constant C such that if γ = eC
D
R then
∀x ∈M : volg(M) ≤ γ volB(x,D/4).
Hence there is a finite set A ⊂M with#A ≤ γ such that
M = ∪a∈AB(a,D/2).
Hence for x ∈M and r ≥ D/2, we get:ˆ
B(x,r)
q ≤
ˆ
M
q ≤ γ sup
a∈A
ˆ
B(x,D/2)
q.
And  
B(x,r)
q ≤ γ2 sup
a∈A
 
B(x,D/2)
q.
Hence ˆ ∞
D/2
re−
r2
6R2
( 
B(x,r)
q
)
dr ≤ γ26R2e− D
2
24R2 sup
a∈A
 
B(x,D/2)
q.
Similarly,
ˆ D
D/2
re−
r2
7R2
( 
B(x,r)
q
)
dr ≥
ˆ D
D/2
re−
r2
7R2 drγ−1
( 
B(a,D/2)
q
)
≥ 7R2e− D
2
28R2 γ−1
( 
B(x,D/2)
q
)
If we define
Γ := sup
x
ˆ D
0
re−
r2
7R2
( 
B(x,r)
q
)
dr
we easily get for any x ∈M :
ˆ ∞
0
re−
r2
6R2
( 
B(x,r)
q
)
dr ≤ Γ + γ26R2e− D
2
24R2 sup
a∈A
 
B(a,D/2)
q
≤ Γ + γ3e −D
2
168R2 Γ.
There is a constant c (depending only on C) such that if R ≤ D then
γ3e
−D2
168R2 ≤ e −D
2
168R2
+3CD
R ≤ c
Hence the result. 
Theorem 4.3. There is a constant ǫn > 0 depending only on n such that if (M
n, g)
is a closed Riemannian manifold such that some R ≤ D and such that for all
x ∈M : ˆ D
0
re
−r2
7R2
( 
B(x,r)
ρ-
)
dr ≤ ǫn,
then (M,g) satisfies κR2(ρ-) ≤ 116n .
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Proof. In [11], it has been shown that if κR2(ρ-) ≤ 116n then (Mn, g) satisfies the
condition (DR) and (UER) with constants that depend only on n: (ν = e
2n).
i) ∀x ∈M, 0 ≤ r ≤ ρ ≤ R : volB(x,ρ)volB(x,r) ≤ θn
(ρ
r
)ν
.
ii) ∀x, y ∈M, t ∈ (0, R2] : H(t, x, y) ≤ Cn
volB(x,
√
t)
e−
d2(x,y)
5t .
Hence there is a constant λn depending only on n such that
κR2(ρ-) ≤ λn sup
x∈M
ˆ D
0
re
−r2
7R2
( 
B(x,r)
ρ-
)
dr.
Hence if R is the greatest real number such that κR2(ρ-) ≤ 116n then we get
κR2(ρ-) =
1
16n and necessarily
1
16n
≤ λn sup
x∈M
ˆ D
0
re
−r2
7R2
( 
B(x,r)
ρ-
)
dr.
By contraposition, we get that if
sup
x∈M
ˆ D
0
re
−r2
7R2
( 
B(x,r)
ρ-
)
dr ≤ 1
16nλn
then
κR2(ρ-) ≤
1
16n
.

From the above we can obtain many results from [11] and [32], we prefer to
refrain from stating all of them and concentrate on few of them:
Proposition 4.4. There is a ηn such that if for all x ∈M :ˆ D
0
r
( 
B(x,r)
ρ-
)
dr ≤ ηn
then the first Betti number ofM is smaller then n:
b1(M) ≤ n.
Proposition 4.5. Assume that (Mn, g) is a closed Riemannian manifold with di-
ameter D and introduce I(M,g) defined by
sup
x∈M
ˆ D
0
r
( 
B(x,r)
ρ-
p
)
dr = (I(M,g)D)2(p−1) .
There is an explicit constant θ(n, p) such that for R = θ(n, p)D/I(M,g):
κR2(ρ-) ≤
1
16n
and with ξ = I(M,g)/θ(n, p), one gets the isoperimetric inequality: for any open
subset Ω ⊂M with smooth boundary and vol Ω ≤ 12 volM , we have
1 ≤ c1+ξn D vol(M)In(M).
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Proof. With the Ho¨lder inequality, one easily gets (with q = p/(p − 1)):
ˆ D
0
re−
r2
7R2
( 
B(x,r)
ρ-
)
dr ≤
ˆ D
0
re−
r2
R2
( 
B(x,r)
ρ-
p
) 1
p
dr
≤
(ˆ D
0
re−q
r2
7R2 dr
) 1
q
(I(M,g)D)
2
q
≤
(
7
q
R2
) 1
q
(I(M,g)D)
2
q .
The first result follows now easily from the Theorem 4.3. The second result follows
from Corollary 4.2 and Theorem 3.6. Indeed, we have
κR2(ρ-
p) ≤ λn (I(M,g)D)2(p−1) .

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